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~”“The Linear Diatomic Lattice

We now consider a linear lattice of two different kinds of atoms, arranged alternately as shown in
fig. 11, that is, a lattice with a basis of two atoms in the primitive cell. Let each atom be separated from

N

fe-a— je—23—]
2n-5 2n -3 2n -1 2n + 1 .an+3 2n+5
2n -4 2n-2 2n 20+ 2 2n + 4
|
Equilibrium state
----- =m
Q=n.
When in Vibration
Uzn -4 Uon -2 Upn u2n+2 "Uz.”.4
k) d bk | ok |
e e i Sop i P il v frhd
Um-s Un-3 Uzn -y Uzn 1 Uzn 43 Uns+s
ST RE e
Fig. 11.

its two nearest neighbours by a distance ‘a’ and'that the mass of the lighter atom is ‘m’ and of the
heavier atom ‘M’ , assuming the two kinds of atoms have different masses. We shall analyse the motion
Jjust as we did in the mono-atomic case writing, of course, separate equations of motion for the light and

e

the heavy atoms :

Lu 1
Fon=m 22" = B (uzn+1=2uzq+uzq-1)
- | » (25
d2“2n+l
Fans1 = M—dz = B (uzns2—2upn 4 1 +uzy)
¢

under the assumption that each atom interacts only with its nearest neighbours and that the force constants
are identical between all pairs of nearest neighbours. We must seek running wave solations of the type :

uz, = Ae

Un+ 1'=

i (w! - 2Kna)

2 01— @n+ 1) Ka) ...(26)



= Solid State Physics.

Where K is the wavevector of o particular mode of vibration. Note that the frequency of the two types

of atoms is being taken the same. This i because both types of atoms participate in the single wave motion
K. An_lphtudes are, however, different because of the difference in their masses. Wrmng similarly the
expressions for uz,4» and “2n -1 and substituting them into (25), we get the two equations

~mw’A = BB (¢~ K + 5% - 2[3A) ’ (27)
~Mo’B = BA (¢4 + K4 - 2B
Writing 2 cosKa for (e Ky eiK(I) , and rearranéing the terms, we have
2B - (ozm) A- (2B cosKa) B = 0] : ...(28)
(-2BcosKa) A +(2p - ’M) B = 0 |

: Tl}is set of homogeneous linear equations has a non-vanishing solution for A and B only if the deter-
minant of the coefficients of A and B vanishes, i.e.

2B—mw®  —2Bcos Iga
—2BcosKa 2Bp-Mw

s » (2B —M(l)z) 2p -—m(D2) —4[32 cos’Ka = 0
22
or ot _ 2B (m+M) o2y AP sin Ka _ o
mM mM

giving finally

' 2 . 3
o o oo V[ (i) -S|

This is the dispersion relation for the linear diatomic lattice. This may be compared with the corresponding
relation for the linear monatomic lattice (11) : e

w? = iﬁsiHZ%E

The diatomic case evidently has two values of ® corresponding to a single value of the wave vector
K (considering only the positive values of ®). We may.denote these two values of @ by w, and w_

corresponding to whether the +or— sign is taken in (29). We consider first ®;. For K -5 0 we can
neglect the sine term. So we have

it o 2ol -
M—\/[Zﬁ(m““M)]' | (30)
n 3 ___—_4_ 2
For K —> -2—‘-1-, the sine term becomgs Wm and we have |
=1/ (2B). -
i \/[ -y - .(31)

. . 2:9 :
We now consider @w-. For K— 0 the sine term becomes (4K°q /Mm), (In this case we cannot
'neglect it because it proves to be the only non-zero term). We get

o B(.;ﬁ]-a(ﬁ)\/ (1t ')

=B(—};+i) 1—'\/(1—(MA1”:M24K%2]
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1 mM 2 2
+'A—/l)[ —221( a]

1
=B = I =1
P ( m M+ m)
2B e 2
T M+m ¥
: b mik Ka'\/ [ szLm] (32)

For K — (n/2a), the solution is similar to @a31) excepf that m is replaced by M:

TR \/[%wﬁ] (33)

The solution (29) is plotted in fig. 12 together with the other derived solutions (30), (31), (32) and (33).
~ We observe :

(1) The allowed frequency range of propagation is split into an upper branch called the optical branch
and a lower branch called the acoustical branch. The acoustical branch looks qualitatively similar to the

dispersion relation for a monatomic lattice, but the optical branch represents-a completely different type
of wave motion. Anyway, there are two-modes for every K. ]

(2) There is a band of freguencieé (shoWn

N

shaded) between the two branches for which the : 7:
wave-like solutions (of the form (26)) do not W‘ Rt
= . . - . p — .
exist. This is a characteristic feature of elastic : (lznr 317M) Qptical brench
waves in diatomic lattices. The existence of such | i
b o s . : [}
a b-and .wou.]d mean that it is not ,p0§51!)le to vag/m 7t \Vo7m
excite vibrations of a frequency lying within this - Forbidden Frequency Band
band. It is, due to this reason, called the ‘forbid- Va2g/Mm | 'VZB/M
den frequency band’. The width of this band 1 |
depends on the mass ratio M/m— the larger this | DTy )
ratio, the wider the frequency band. If the two . | m<M™m Acoustical |
. i branch
masses are equal, the two branches join at i 1 Lo
K = *(n/2a) and the forbidden band disap- =~ n/2a e TR wloa .,
pears. . Ist ‘Brillodi
(3) The first Brillouin zone goes in this case l 2 e 2anS, I
from K=-(n/2a) to K =+n/2a). ; Fig. 12
" Therefore the smallest possible wavelength of ; St

this Brillouin zone is 4a, corresponding to the value 7/2a of K at the zone boundary.

NAur Ana micht anle seiline Zaales L. * 1 1vee .
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to an increase In the average INleratomic aIStance COITGSPONUINE LU LITLILAL VApusiory s

If the oscillators are purely harmonic— that is, if the potential energy of an oscillator is a parabolic
function of its position— the average positions of different oscillators would not be the functions of
temperature (or energy) despite increasing amplitudes, as is illustrated by fig. 17 (a). No change in the

> |
) =
2 1Ry Positon X & Ry Position X
@ M - - @ }
5" l (end . § O
2 ' =
2 | g
. (]
a : g
l b
1
\
i
]

(®)

(a)

Fig. 17. Potential energy U vs. position X curves (continyous) and potential energy vs. average position

x curves (discontinuous) for a harmonic oscillator in (a), and for an anharmonic oscillator in (b). Note that

in (a) the average position is at the zer ~temperature lattice constant Ro at all temperatures (or energies),

while in (b) it moves away from Ro as the temperature is increased. The situation (b) clearly leads to

: - thermal expansion, and (a) does not.
average interatomic distance would thus occur with the energy increase, and no thermal expansion
whatever. On the other hand, if the oscillators are anharmonic— that is, if the potential energy of an
oscillator is an asymmetric function‘of its position— the average positions of different oscillators would
obviously be the functions of temperature, as is illustrated in fig. 17 (b). Here, the average interatomic
distance would thus be greater than the zero-temperature lattice constant, and the thermal expansion is
observed. By the way of conclusion we may say that the thermal expansion of 'solids is due essentially
to the anharmonicity of the lattice oscillations ; if the anharmonicity were not there in the lattice
oscillations, there would be no thermal expansion. It may be remembered that the thermal conductivity
is another effect related to the anharmonicity of lattice vibrations.* A ;

We now find an expression for the coefficient of thermal expansion o. To start with, we shall first

calculate the average value of x, as appearing in the expression



:(59),

v = e - gPef :
: harmonic ). antharmonic
( term J terms :
a function of position,

al energy of an atom (oscillator) as '
= 0;x is therefore a

This expression approximates the true potenti
ing now the

with the origin of energy and position taken at Ry, the lattice constant at T .
displacement representing the increase in the lattice constant, or the thermal expansion. Us

relation. ‘o, = ﬁ where X is the average value of x, we shall calculate c. A little thinking will
convince that o = % is essentiélly equivalént to (58).

¥l

It is worthwhile ‘to'notev that the term involving X steepens the left si
of the potential energy curve ; it therefore accentuates the effect of the repulsive forces of the at

term involving x* flattens the bottom of the curve and represents sbftening of the vibrations at 1a;gq :

amplitudes since it reduces the energy necessary to produce a displacement. Wit 2y i
Using the statistical definition of averages and the Boltzmann distribution function, which weighs all
the possible values of x according to their thermodynamic probability, we calculate ¥, the average value

of x, as

de and flattens the right side
oms. The

[ sexpl-(@P gt Spkamar v s

X =— : - ;
I ‘exp [~ (wc2 ay gx3 - fx4)/ kgT] dx.

If the anharmonic terms are small in comparision with kgT, we may expand the exponential function in .

(60) as . : 2

3 b 4 : ) g1
—(ax"—gx —fx)] [—ax J gx +fx
exp [ kT — exp kgT exp taT
| RN s ety
= exp [i][ 1 +ﬂ_-+,& .
kgT kgT . kgT
and have g :
[” exp (- a/kaT) v+ g5 ksT+ 15 /1T i |
A : S B GeT)

_[ exp (- axz/kBT) dx

in place of (60). In writing this expression we have neglected the anharmonic ter.ms of denominator.
Looking now the various integrals from the table of standard integrals, we have from 61): Log

5
0’+§-—g—- [LkBTS ]+O

4 kgT e
= 3 g
= = —-L . kpT. ,
\/ kg T ; 42" B | | ."(62),
a J :
_ 90x _ 3gkp ' < ‘
Thus e aT _’ 4 ol : (63)



According to these calculations, we find that the thermal expansion is directly proportional to the
temperature, and the coefficient of thermal expansion is independent of temperature. This is what has
actually been observed experimentally for most solids but only in the room temperature range and above,
and not at low temperatures. At low temperatures, however, the observed thermal expansion coefficient

for most solids becomes mur;h smaller than the above predicted value and indeed approaches zero as
T— 0. Thus, the expression (63) is not a perfect one. ; ' '

It appears that here again the classical picture of atomic oscillations (used in the above calculations)
breaks down, and the atoms of the crystal must be regarded as quantum oscillators rather than classical
ones.” Let us obtain the corresponding quantum-mechanical results and see whether they agree with the
experimental observations. The approximate results are obtained simply by substituting for kgT in (62)
the expression (9). This is because what the quantity kgT represents for a classical oscillator, the same
the quantity (9) represents for a quantum’ oscillator. We thus have

P S R
ST : : : 4a2f,exp(h0)0/k57)—:'l"“- A ‘ =
in place (62). At high temperaturés, this reduces essentially to (62), but as T—0, we have

}: 38 2h(00 exp (—hwy/kgT), : ‘ S ---(64) :
= st e g Spky Ml s o SRR T R e
whence™ | -, - 2r SR '.qé_ﬁ,f;‘a;(_kﬂr T'Aexpj(»-"ﬁmo/kﬂn-x: e )

It is obvious that the coefficient of thermal expansion now approaches zero as T—> 0. Further, (65)
_gives results which are in reasonably;_‘good‘ agreement with experiments: over;a'-.wifle: range of low
~ temperatures. Thus, the result (65), combined with (63), gives an expression for o which may be taken
“as satisfactory for describing the experiments on thermal expansion.



